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Response of a Non-Linear Device to Noise (None-)

Wiener, N.
Massachusetts Inst. of Technology, Radiation Lab,, Cambridge R-129

Office of Scientific Research and Development, NDRC, Div 14 (None)

April '42 Restr. U.S. Eng. 9 diagr

The problem is discased of a non-linear device connected in series with an admittance, and
with a random noise voltage impressed acr. ss the combination. The current-voltage function
of the non-linear device and the admittance were assumed, and approximate statistical in-
formation was obtained about the voltage across the non-liaear device. ETp!lcit formulas
depending only on the current-voltage relation of the non-linear device and on the admittance
are given for the moments of all ordera, and for the frequency spectrum of the voltage across
the device. The method of solution consisted of solving for the voltage across part of the
*eurl In terms of the entire voltag. , and then taklIng avertigs of the random voltages In
accordance with known forz.f.ulz.

Copies of tds report obtainable from Air Documents Division; Attnr MCIDXID
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Reaponce of a*Xon-Rinear Device to Bole

3i

.4

A non-linear device R Is connected in series .ith an
admittance T(w)"and a random nuise voltage v(t) (ego,,
arizing from thermal agitation) Impressed acroe the com-
bination, Asstue that one knows (a) the current-voltage
function of R, and (b) the Pdmittance Y(wX) Then we can
obtain a pro mats statistical information about the voltage
vl(t) across th non-linear device: ecnllcit formulae de-
pending only on (a) and (b) can be g*enx for the moments
of all ordera of v (t), and similarly for its frequency
stnectrum,
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- fPOSr : Or A 11O -LIEWAR ThMfI U, TO VOI SE

ortert Wi3nor

. ".iria'ac de-c. R le r neoted ii. serl a with an admittance

a, : nt! r ra-vi.o ,o.a voltrxg-c v~t., (ea., thortrul agitation) irseee

1

zandom voltage v(t) I
pie, I

m) '-he currt..7oltaga function of R

-an

',. tae afm.ttance T(j), s

,T!n o*' (WI c'btatn' P erol'imate staittcal Information about the voltago

l(t, a-s. '.. non.lior device; explioit formua a do pending only on

:Et nd 1*T e:.% bA siven for the romente of all orders of vlI1t), and

S *ar Ito -frequency espectrun,

2. r* T-W tcIdeas I.nvolved'. ?"I fis is to axprees v it)

. n . t), nsuning n) and (b) known., The second idea to then I

.; e -)ap ef t.l,. rewntz nature of (t) tt', get the tntisttcl informaton
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The 'ir t Idea OTepi'S en operator..aeries expansion for .71.1

ad the ax.-o;.d employo known averaging processes on Brownian functions,

3: In order to irkc suittero definite we shall asaume throughout

the sequel that 4i the roltage aoroc R is v1(t) the current through It

1.0 v i(.) + fl .L"O ,+)"

4.. Le;; as donoto by Agt) the tadicial admittance corresponding to

the froo-i ncy admittance Y(w). Then it is eall known that the current

thr'ooe' '(W) " '

Via v,

Sine o.rren"G trouagh R a current through T(w),

.1 (l) + C(v 1(t)) 2  jA 1 " ) () -.. 1 (t)) dtro

OQ1OO~ZLCterwes~ v(~
0i

(1)~~(.)+ c(V1 (t))2 +;f A(t-~ l ) ci a &(~t7 rr) dZ,

5. Now -e come to tbo) first basio step of the paper, that of

solving for "vI(t) in terms of v(t). To do this wv Assume that

(2) 'vl(t) iv l dZt+ .r q(t-*t-T*2) v(r!) v(r2,) *

J -90 J-.&J-Jo

In Ceaeral one ivill also include i constant term
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it In WO!. w. htil Ki're no,.;ed tLie di) F,-red soc ton1 for ,t

6. iTow mitb:stit-vto sn-prossion (2) for v,(t) in Eq ( we 'Iasall

then. eq-.ata linear part with linear part, qv'adratio part with quadratic

part, ctc

7,. Mriat for the first-d1egroe terms In Eq. (1), we have

0 t)(r) d' V. A$ (t -cY) daI (l/d

J.-0-

It in alegir tht.t. (3) will be satisfi.ed if

(0. t-p.U) +o IA(t.o) do -

4-00

Suppose I Qi6 APourier transform of (Il then rosaiiig that T(w) is

the Fotuiir trinform of A(t), i-e.,

j -) q1 6w) o*W dw
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(kw I1 ~ + 2wi T~uw))s

ii..~:qta~Ai~ tl' ooond.4or? terms rIn Ea (1) to Oach other WO

0+ 4F1t dd

5+Oft~1( q,(wlw2 )dwu1 OW23'

1 i he douie Fore tranflorm of q('IIJ ealn

~ "~: .ftd e q, "'(30) leads to

C q j~Q q 1 ~tx2 ) 2 Vw 4(~w) 11' V0

(Ii2 2 
1

Reave.

~ct~t ~ Itins~~l th factor C, iidl.ating the effoot of the t~on-

livrt ftedrc
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whern '.?i 's era dafioC. I nrl a : gy with Ecia. .'%') ad (10),. as multiple

Nc t thw e. ~~n C' S.m5larly q~ 'A'11 onei antd so on,~

"Miuv t&'-1Ig h~g1her poivqrs of C Into acco-xat io eqmivalent to going out

:',Prthez in~ the series~ of qlse thip is the characteristic feavure of

10. ). )Irnt. we interpctse a formula which will be needed soon,

<w usaago u yel, in terms of an -average of an

(W. -" tu I' d I

E~i-~),.(J)*anf (1.2" tell us the first t'areo terms of (2),

7n othoir -ore.;i, W2 11I- A~CorIpliebed (to three torm14) *3ur first basic

taiP, thnt of irTrevailg v 1 "t), tLe 'rOItnZA'rots the non-linear dovica
R. in te r "L. ~ritjy Y~jw) anid the voltng ,9 (koe th antIre

U".ICT.



12* o f.-a, we have s aii nothing about 'v(A. but we are now ready

to snke o.f " he :fnif" that v(t) is a random voltag,. Thim wlfl con-

*tit-.ite "M a,. ind s'avt cf thf. pap.r, and will be accomplished by taking

#jver.1M. f) theo madoza 7olt&,Pes in necordanoe with 1owin formulas, In

thes-9 form ila th-- everare is takcen with respect %a tha parameter aL

hiach In g.n, tr m 0 to I runn through all Brownian motions, x(tC.) Is

a proparly normed Aaoimiwtn motion, whose differential in a random voltage

'aAd K(tA. , tn )  t ty etric function of nrearlablesF

(i . ...... g K,(t1 :--o~t. ) dz(tv*.) "' dx(',a) - 0 if n is odd,

(lit) 0o-a Tz~t .. X- (t.). O

*eOn

• , n.'(n.* . , (t ltl~tt2.. otnn) dtl ,.o dty

if n is even,

13. Refer rg to no. (2), we inquire as to the average of i(t).

We Iipply Eqe. (15)'1 and (16) to the Q's, then exprese the result in terms

ef ".no q's by (i4) finally (Zqeo (7), (I1), and (12)) e=,resing

the q'u 1n ermn of the ndrnttance Y(tv) we fine, that the first non-vaniah-

lug teri: Of t~he w.er~o of v ,(t) is

Y(W) Y(.-a)
0*ry( -L2rc--,(+f--W
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ldK Siruil.9rly tho averse of (t) is

+ -% i: s: q2G,w2) q ( l-w1 . ) d, ,2  + q2(w..t) 12l

-00£1.0

1 2

+00 +00 rr.o *1-wwdrd
+9 ~%( 1"V'w~w iio 2 ) ( wV ) dw 1 d~2  a. +

"£i lb: In the seame way the higher momenta cf v (t) zay be'com.uted.

Sc also may Oie moments of v(t) - v1(t), the voltage aeros Y(w), be

computed,

i6. An average of much .mportanco '.s that of v(t)vj(t+a1. this

average Is called the auto-,correlstion coefficient, and its Fourier

tran erm gives the froquenoy distribution of the square of the voltage.

1%c auto-wrrelation coefficient Is the average of

(: - O - J,

Q ! I-o v() d jPJo 0 '23. t 2' 1 dre,

Sb1h is qul t-

4.. RESTRICTED
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4 (~~~(f) + 2 jy 2 q2 (w~ 1

±Sr.z 0i) soond trorm dt1s not contain tr, it In 'a constanlt represonting

it PO compranit.. Th thir-a term to equa~l to

Thtr% to tho freqjuoray m~estrum

4C preeat -Ath no rootifiatioro c s( '0), tbaeo hat been addid

Bw Jq26,. q2  -~Wgo) &zil

17~Cr1..qo~ The method abois, of first Coliag for the vw1tago

atv',oin part vf the atetu.it In terms -of the entire voltage, and then getting

tsttitiesa' averages, to cearly quite general. The part i otfar appll na-

1'ca~ o:? this mathid given httro has two vwaknessas, h-wever;

ki -Vl ura;-otg relationi o! R is over-siimplified,

(k... In u Lary ract-.oaal case a tiJ1ter of' finite b'and-wlth pre~odes

tho e :.O."- ti1coJ-iination of Pig, L The pr:)blem ii atchieX

U)ine U".i ha,.'o htr t~ki in-to arnocumt can, and should be, got up and~
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The problem to discused of a non-ltnear device connected in series with an admittance, and
with a random noise voltage tmpressd acroes the combination. The current-voltage function
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